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Abstract 

A super symmetric breaking procedure for N = 1 Super KdV, preserving the 
positivity of the hamiltonian as well as the existence of solitonic solutions, is imple- 
mented. The resulting integrable system is shown to have nice stability properties. 
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1 Introduction 



The breaking of supersymmetry in physical systems is always an interesting aspect to 
analyze. We consider here the stability analysis of an integrable system arising from the 
breaking of supersymmetry in the N = 1 Super KdV system [H [2] . In the latter there 
is only one hamiltonian structure in distinction to the bi-hamiltonian one in the KdV 
system. Its hamiltonian however is not manifestly positive. Nevertheless the quantum 
formulation of the theory yields a manifestly positive definite self-adjoint operator. The 
stability of the ground state of the system is then assured from it. We consider in this 
work the supersymmetry breaking of the Super KdV system by changing the Grassmann 
algebra structure of the Super KdV formulation to a Clifford algebra one. This susy 
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breaking mechanism has already appeared in several works, see for example [3]. It is 
then straightforward to obtain an integrable system with the same evolution equation for 
the new Clifford algebra valued field as one had for the odd Grassmann algebra valued 
one in the Super KdV system and what is more important with a manifestly positive 
"hamiltonian" . The system also presents solitonic solutions although the infinite set of 
local conserved quantities of Super KdV breaks down. We will show that this integrable 
system has nice stability properties. 



2 Supersymmetry breaking procedure 

We denote by u(x,t) and £(x,t) the fields describing N = 1 SKdV equations p], taking 
values at the even and odd part of a Grassmann algebra respectively. The SKdV are 

u t = -u'" + 6uu' - 3££" , . 

6 = -r + 3(^y. [i) 

This system of partial differential equations have infinite local conserved charges as well 
as infinite non-local conserved charges [TJ HJ [5j El [7] . The first few of them are 

Hi = f + °° £dx, Hi = f +00 udx . „ 

h = h, = \ (v? - eeo dx, h 5 = \ (2« 3 + {u'f - ee - 4<c) **, 1 ] 

which we give explicitly in order to compare with the conserved charges of the system 
with broken supersymmetry we will consider. 

Hi and H became manifestly positive self-adjoint operators in the quantum formula- 
tion of the theory. The fields u and £ may be expanded in terms of the Virasoro genera- 
tors of a superconformal algebra which may be realized in terms of an oscillator algebra 
[SI El HQ] - Using normal ordering the expressions of Hi and H are manifestly positive. 
In particular Hi is the hamiltonian of a supersymmetric harmonic oscillator. Besides Hi 
and H we are also interested in Hi and H§. Hi will be relevant in the stability analysis 
we will consider and H 5 is very important because stationary points of H 5 subject to 
H 3 give rise to solitonic solutions. We are interested in having solitonic solutions and to 
analize their stability in a system without supersymmetry. Hence we would like to break 
supersymmetry in a way to have a positive hamiltonian and conserved charges analogous 
to Hi,H u H 5 . 

To break supersymmetry we consider the fields u and £ to take values on a Clifford 
algebra instead of being Grassmann algebra valued. We thus take u to be a real valued 
field while £ to be an expansion in terms of the generators ej , % = 1 , . . . of the Clifford 
algebra: 

£ = 22 ^ + X] ^i e * e i + ^2 ^jk^ejek H (3) 

i ij ijk 
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where 

6jCj -|- CjCj ^^ij (^0 

and ifi, <fij, tfijk, ■ ■ ■ are real valued functions. We define £ = Ylili fi&i + ^ij^j^i + 
^2ijk fijk&kZjZi + ■ ■ ■ where ei = — e*. We denote as in superfield notation the body 
of the expansion those terms associated with the identity generator and the soul the 
remaining ones. Consequently the body of ££, denoted by is equal to E^f + 

^ijfij + ^ijkVljk + " ' ' m what follows, without loss of generality, we rewrite V(££) = 
+ ^ijipfj + ^ijkrfjk + ■■■ simply as = E^f. 

We now propose the following system of partial differential equations which has the 
required properties as discussed before, 



./// 



<>< = -" -i(^(cO)' 



This system with a change of sign in the third term of the right hand member of the 
first equation of system (5) was introduced from a different point of view in (TTJ [12] . 
The system (5) has the following conserved charges 



Hi = f °° £dx, H\ = f °° udx 

— J — oo ' ' L J — oo 
1 r+oo 



V = H 3 = y^(u* + V(^)dx, (6) 
M = H 5 = l /_ + ~ (-|« 3 - \uV (ft) + (uf + V (£'£')) dx. 

It is interesting to remark that the following non-local conserved charge of Super KdV 
[7] is also a non-local conserved charge for the system (5), in terms of the Clifford algebra 
valued field £, 

/oo px 
/ £(s)dsdx. 
■oo J — oo 

However the non-local conserved charges of Super KdV in [I] are not conserved by the 
system (5). For example, 

/OO PX 
u ( x ) / £,(s)dsdx 
■oo J — oo 

is not conserved by (5). 
We notice that 

/oo 
vmdx=uwi (7) 
-oo 

hence V is manifestly positive definite. The system has solitonic solutions, for example: 
u(x, t) = (j)(x, t) = ^C —grT^. , z = |Ca (x— Ct), £(x, t) = 0. <p(x, t) is the one-soliton solution 
of KdV equation. 

The system (5) is not invariant under supersymmetric transformations, as expected. 
Moreover, there isn't a conserved charge of dimension 7, that is there is no analogue of 
H 7 in SKdV or KdV systems. The mechanism has not only broken supersymmetry but 
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also the symmetries related to H7 and probably to all higher dimensional ones. There 
remain, however, (6) as conserved charges of the system. 



3 Stability properties of the system 

We may now consider the main result of the paper: the stability of the ground state as 
well as the stability of the one-soliton solution of the system (5). 

We start the analysis by considering an a priori bound for the solutions of system (5). 
We denote by || Ik the Sobolev norm: 



We obtain 



UK Oil 



Hi 



+00 



(u 2 + ) + ( u' 2 + 



\\(u,0\\h 1 2 <V + M+± 



dx 



+00 



{u 2 + r{^)dx, 



(9) 



we now use 



it yields 



supM < ^=Nk < ^IIKOIk; 



(«,fllk 2 < V + M + ^V||(u,0lk 



V2 



(10) 



From (11) it follows 



IIKOII 



Hi 



< 



d + y/d 2 + 4e 



(12) 



where d = and e = V + M. 

Consequently, given V and M from the initial data and a solution satisfying those ini- 
tial conditions, the || (w, £) Ik is bounded by (12). The a priori bound is a strong evidence 
of the existence of the solution for < t. We will consider this existence problem else- 
where. In this work we assume the existence of the solution and its continuous dependence 
on the initial data under smooth enough assumptions on the initial perturbation. 

We consider the stability in the sense of Liapunov. In particular we take the same 
definition as in [13J: (w, 0, a solution of (5), is stable if given e there exists 5 such that 
for any solution (u, £) of (5), satisfying at t — 



di 



< 5 



(13) 



then 
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(u, £,),(«,£,)] <e (14) 



for all t > 0. 

di and du denote two distances to be defined. 

We consider now the stability problem of the ground state solution u = 0, £ = 0. 
We take dj and d n to be the Sobolev norm \\{u — u, £ — £)||#i- 
We get 

v<||(«,0lk 



and 



m < Qi«i (u 2 + p (ee)) + u' 2 + p (reo) <** < ^=i 



(«,oik 8 + ii(«.e)ik a - 



At £ = we then have, using (13), 

V < 5 

M < J-5 3 + S 2 . 

Consequently, from the a priori bound (12), we obtain for any t > 

\\(u,0\\ Hl <e 

for any given e, provided 8 is conveniently chosen. 

This argument proves the stability of the ground state solution. We now consider 
the stability of the one-soliton solution il — (j), £ = 0. The proof of stability is based on 
estimates for the u field which are analogous to the one presented in [T3J Q3] while a new 
argument will be given for the £ field. The distances we will use are 

di [(mi, £1) , («2, 62)] = II («i - «2, £1 - £2) || Hi (15) 
d n [(ui, CO > ( w 2, 6)] = inf || (rwi - u 2 , £1 - £2) Ik (16) 

r 

where riti denotes the group of translations along the x-axis. du is a distance on a 
metric space obtained by identifying the translations of each u G Hi (R)[I5]. c/// is related 
to a stability in the sense that a solution it remains close to u = only in shape but not 
necessarily in position. 

We first assume that 

V(u,® = V(u,i) = V(<!>,0) (17) 

and 



5 



+00 



idx = 



;is) 



and then we will relax this conditions to get the most general formulation of the 
stability problem. 

Following [13] we define 

h(x, t) = u{x — a,t) — <fi(x + Ct) 
where a is defined, for each t > 0,by 



+00 



+00 



u (x, t) — <p (x + a)] dx = inf / [u (x, t) — (f)(x + y)\ dx. 



In [M] it was proven that the infimum is taken on finite values of y. 
We obtain, 

AM ee M(u, - M(<f>, 0) = [h! 2 + {C-4>)h 2 + E- ^ 2 + 



(19) 



where we have used C(V(w,£) — V(<p, 0)) = and that 4> is the soliton solution of 
KdV equation and hence it satisfies 



C<j>. 



We denote 6 3 M = (-§/i 3 + \ J^Zo <Pi h ) dx - We then have 

i^Mi^isupi/iiii (h,o \\ 2 Hl <^\\(h,mk 

where we have used sup \h\ < 3 H^U/fL- 
Coming back to AM we get 

I AM| < /_ + ~ (h> 2 + Ch* + ZZo + C ZZo ti) dx + \5*M\ < 
<max(l,C) || (h,0 + (h,0 f Hl . 

At t = we will assume that 



di[(u,£),(&0)] = || (fc,0 Ik < S 



hence 



|AM| < 



max (1, C) 



3V2 



(h,0 



(20) 



(21) 



(22) 

(23) 
(24) 



I AM I is a conserved quantity on the space of solutions of the system (5). By taking 
6 small enough in (23) we can make AM as small we wish. The second step in the proof 
of stability is to argue that that at any t > | AM| satisfies the bound 

\AM\>Kd n [{u,(),(<f>,Q)]- (25) 

This bound completes the proof, in fact we can make, at t = 0, |AM| as small as we wish 
and hence we can always satisfy (24) for any given e. 
We decompose AM into 

AM = 5 2 h M + 5\M + 5 3 M (26) 

where 



siM = rr w + (c - 0) h*] dx 

In [131 E] they obtain 



(27) 



-r n~ too . \ 2 

P h M>-J [h! 2 + Ch 2 ) dx - -C* || (h, ||^ (28) 

and 

\\h\\Hi > d n (u, h) . 
We will now obtain an analogous lower bound for 5 2 M. 

We consider the operator H = —4^ — §</> with domain in the Hilbert space La(]R). 
It is a symmetric essentially self-adjoint operator. We denote with the same letter H its 
self-adjoint extension. It has two eigenvalues Ai = — C and A2 = — § and a continuous 
spectrum [0,oo). The spectral theorem for self-adjoint operators ensures the existence of 
an unitary transformation from the domain D(H) in the Hilbert space % to L 2 (M, p). In 
the case in which H = L^iM.) this unitary transformation may be realized in terms of 
the eigenf unctions 1^1, 1P2 £ i^QR) and the hypergeometric functions ip\(x) which satisfy 
point to point 

Hipx = 

for A > 0, but do not belong to L 2 (M). Under the unitary map f(x) G L 2 (M.) can be 
expressed 

POO 

f{x) = F^ X + F 2 ^ 2 + / F(X)ipxdp{X) 



where F(X) belongs to L 2 (M. + ,dp), the space of square integrable functions with support 
in the complement of a neighborhood of A = 0. The action of H in H corresponds to the 
multiplication by A in L 2 (M, dp): 

POO 

Hf(x) = X 1 F 1 t/j 1 + X 2 F 2 ^ 2 + / XF(X)^ x dp(X). 

Jo 



7 



We notice that for / G D(H) the third term on the right hand member belongs to L 2 (M). 
tpx are normalized in order to have WfW^ = Ff + F 2 2 + J °° F 2 (X)dp(X). tpi,xjj 2 ,ipx are 
pairwise orthogonal with the internal product in L 2 (M). 
It then follows 

-+oo r+oo 

Hif) 2 dx — X 2 / t/Mx, 



(29) 



its left hand member is zero, hence 



/+oo 
i[) 2 dx = 0. 
-oo 



In the same way we obtain 



/+oo poo 
/ \F(X)ipxdp(\) 

for any F(X) on the space L 2 {R + ,dp), which implies 

/+oo r roo 
/ F(X)vf)\dp(X) 

We may always decompose £ G L 2 (R) as 



(ix = 



= 0. 



F{X)iPxdp{X) 



and use (18) together with (29) and (31) to obtain 

Fi = 0. 

We now consider the Rayleigh quotient of any £ in the domain of H: 

K,#0 



R(0 



(, ) denotes the internal product in the L 2 (1R) space. 
The eigenvalues satisfy (using the min-max theorem) 

Ai = inf {R(£) : £ G domain H} 



(30) 



(31) 



(32) 



We thus get 



A 2 = inf{i2(0 :£ JL span (^)} . 

^ (c^i, > A 2 (V?i, ¥>i) . 



From (27), and using A2 = — §, we obtain 

%M>lcY,(VutPi) 

i 

and introducing a parameter < /3 < 1 

00 r+00 

5lM = (1-/3) 5jM + /3<§M >(1-/3)]T / (^f + Cp?) + 

00 /-+00 / 1 \ Q 00 

+ a-flE/ (4* W+>E^- 

Consequently, using < 3C, we have 

5|M > (1-/3) min(l,C) ||£||^ 
for any /3 satisfying | < /3 < 1. In particular for /3 = | 

5|M> ~min(l,C) IICII^. 

From (28) and (33) we get 

5lM + %M > \ min (1, C) \\ (h, f Hi - \& \\ (h, f Hi 
and from (21) 

Finally, 

am >i/|| (h,0 f Hi -b\\ (h,0 f Hi 

where 

/ = min(l,C),6=^= + ^Ci 
We now use an argument in [TBI [H] to show, for 8 small enough, that 

AM>i/|| (h,0\\ 2 . 

Since 

II (h,m>dn [(w, 0,(0,0)] 



we then obtain 



AM>h{d n [(u,0,(<f>,0))} 2 
o 



for S small enough. 

The stability proof has then been completed. 

We may now relax the assumptions (17) and (18). The assumption (17) may be 
removed by an application of the triangle inequality as is [13J. While (18) may be relaxed 
by considering 

and using again the triangle inequality for the distance dn'- 



0,(0,0)] >dn [u,n ,(0,0) 



+ d 



n 



where 
The so 



(u, £) , *tj = ll-^i "01 II h ± is conserved by Hi and bounded by \\(u, £)llfli at £ = 0. 
itonic solution (0,0) is then stable in the sense (13), (14). 



4 Conclusions 

We considered the breaking of the supersymmetry in the N — 1 Super KdV system and 
obtained an integrable model in terms of a Clifford algebra valued field. We showed the 
stability in the Lyapunov extended sense of the ground state and the one-soliton solution 
of the integrable model. The approach introduced in [13] to prove the stability of the 
solitonic solutions of KdV equation and extended here for Clifford valued fields may also 
be used in the stability analysis of supersymmetric solitons in the bosonization scheme in 

m. 

Independently of the original motivation, the breaking of supersymmetry, the system 
we analized in this paper is interesting because it contains the same soliton solutions as 
the KdV equation but is more realistic in the sense that the symmetry associated to the 
infinite number of conserved charges of KdV is broken. 
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